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P4. 

Qh ■ 1 Introduction 



Cramer's theorem (see pQ) says that the sum of two independent random variables is Gaussian if and 
only if each summand is Gaussian. One direction is elementary to prove, that is, given two independent 
random variables with Gaussian distribution, then their sum follows a Gaussian distribution. The 
second direction is less trivial and its proof requires powerful results from complex analysis (see [1]). 
In this paper, we treat the same problem for Gamma distributed random variables. A Gamma random 
variable, denoted usually by T(a, A), is a random variable with probability density function given by 
fa.x(x) = Y^x a ~ 1 e~ Xx if x > and f a ,x(x) = otherwise. The parameters a and A are strictly positive 
\ and r denotes the usual Gamma function. 

£\j ■ It is well known that if X ~ T(a, A) and Y ~ T(b, A) and A is independent of Y, then X + Y 

follows the law T(a + b, A). The purpose of this paper is to understand the converse implication, i.e. 
whether or not (or under what conditions) , if X and Y are two independent random variables such that 
X + Y ~ T(a + b, A) and E(A) = E (T(a, A)) , E (A 2 ) = E (r(o, A) 2 ) and E(Y) = E (T(b, A)) , E (Y 2 ) = 
E (r(6, A) 2 ), it holds that A ~ T(a, A) and Y ~ T(b, A). 

We will actually focus our attention on the so-called centered Gamma distribution F(v). We will call 
'centered Gamma' the random variables of the form 

F{v) = 2G(v/2) - v, ^>0, 



where G(v/2) := F(v/2,1) has a Gamma law with parameters i^/2, 1. This means that T{y/2, 1) is 

I>/2) 



a (a.s. strictly positive) random variable with density g(x) = ^YfvWi ^(o.oo)( a; )- The characteristic 



function of the law F(y) is given by 



We will find the following answer: if A and Y and two independent random variables, each leaving in 
a Wiener chaos of fixed order (and these orders are allowed to be different) then the fact that the sum 
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X + Y follows a centered Gamma distribution implies that X and Y each follow a Gamma distribution. 
On the other hand, for random variables having an infinite Wiener-Ito chaos decomposition, the result 
is not true even in very particular cases (for so-called strongly independent random variables). We 
construct a counter-example to illustrate this fact. 

Our tools are based on a criterium given in [6] to characterize the random variables with Gamma 
distribution in terms of Malliavin calculus. 

Our paper is structured as follows. Section 2 contains some notations and preliminaries. In Section 3 
we prove the Cramer theorem for Gamma distributed random variables in Wiener chaos of finite orders 
and we also give an asymptotic version of this result. In Section 4 we show that the result does not 
hold in the general case. 



2 Some notations and definitions 

Let (Wt)t£T be a classical Wiener process on a standard Wiener space (O, J 7 , P). If / £ L 2 (T n ) with 
n > 1 integer, we introduce the multiple Wiener-Ito integral of / with respect to W. The basic references 
are the monographs [3] or [3] . Let / £ S„ be an elementary function with n variables that can be written 
as / = y\ i Ci lt ....i n \ai x...xA in where the coefficients satisfy c% u .. = if two indices ik and ii are 
equal and the sets A$ £ B(T) are pairwise disjoint. For such a step function / we define 

In(f)= J2 c ll _ ln W{A ll )...W{A ln ) 

where we put VF(^4) = /„ Ia{s)<IW s . It can be seen that the application I n constructed above from S n 
to L 2 (Q) is an isometry on S n in the sense 

V(In(f)I m (g)) = nl(f,g) L 2 iTn) iim = n (2) 

and 

E (/„(/)/„,(«?)) = if m^n. 

Since the set S n is dense in L 2 (T n ) for every n > 1 the mapping /„ can be extended to an isometry 

from L 2 {T n ) to L 2 (il) and the above properties hold true for this extension. 

It also holds that I n (f) — In(f) where / denotes the symmetrization of / defined by 



f(xi,. . .,!„) = — ^ f(x<r(l), ■ ■ .,X a ( n )), 



a running over all permutations of {1, n}. We will need the general formula for calculating products 
of Wiener chaos integrals of any orders m, n for any symmetric integrands / € L 2 (T m ) and g £ L 2 (T n ), 
which is 

mAn , \ / \ 

I m (/)/„ (g) = E4T)u) 7 ™+™-^ (/ ®ia) ( 3 ) 



i=0 

where the contraction / ®i g is defined by 



(/ ®i 9){si, ■ ■ • , s m -t,h, . . . ,t n -t) 

/(si, . . . , s m -i, ui, . . . , ui)g(ti, . . . , tn-i, ui,..., u t )dui . . . dug. (4) 



Note that the contraction (/ ®t g) is an element of L 2 (T m+n ~ 21 -) but it is not necessarily symmetric. 
We will denote its symmetrization by {f®ig). 

We recall that any square integrable random variable which is measurable with respect to the cr-algebra 
generated by W can be expanded into an orthogonal sum of multiple stochastic integrals 

F=J2 I n(fn) (5) 
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where f n G L 2 (T n ) are (uniquely determined) symmetric functions and io(/o) = 

We denote by D the Malliavin derivative operator that acts on smooth functionals of the form F = 
g(W((pi), . . . , W((p n )) (here g is a smooth function with compact support and cpi G L 2 (T) for i = 1, .., n) 

^ = E^:(^i),---,w(^ n ))^. 

i— 1 

We can define the i-th Malliavin derivative iteratively. The operator £>M can be extended to the 
closure B p ' 2 of smooth functionals with respect to the norm 

||F||^ 2 = E(F 2 )+^E(||^|| 2 L2(Tl) ). 

i=l 

The adjoint of D is denoted by 5 and is called the divergence (or Skorohod) integral. Its domain Dom((5) 
coincides with the class of stochastic processes u G L 2 (fl x T) such that 

\E((DF,u))\<c\\F\\ 2 

for all F G D 1 ' 2 and 6(u) is the element of L 2 (f2) characterized by the duality relationship 

E(FS{u)) =-E{(DF,u}) . 

For adapted integrands, the divergence integral coincides with the classical Ito integral. 
Let L be the Ornstein-Uhlenbeck operator defined on Dom(L) = B 2,2 . We have 

LF = -^nI n (f n ) 

n>0 

if F is given by ([5]) . There exists a connection between S, D and L in the sense that a random variable 
F belongs to the domain of L if and only if F G B 1,2 and DF G Dom(<5) and then SDF — —LF. 
Let us consider a multiple stochastic integral I q {f) with symmetric kernel / G L 2 (T q ). We denote the 
Malliavin derivative of I q (f) by DI q (f). We have 

D e I q (f)=qI q - 1 (fW), 

where = f(tx, 0) is the (g— l) th order kernel obtained by parametrizing the g th order kernel 

/ by one of the variables. 

For any random variable X, Y G B 1 ' 2 we use the following notations 

G x = (DX^DL^X)^ 

and 

G x ,y = {DX.-DL-^mry 

The following facts are key points in our proofs: 

Fact 1: Let X = I qi (/) and Y = I q2 (g) where / G L 2 (T qi ) and g G L 2 (T q2 ) are symmetric functions. 
Then X and Y are independent if and only if (see [5]) 

/® l5 r = a.e. on T qi+q2 - 2 . 

Fact 2: Let X = /,(/) with / G L 2 {T q ) symmetric. Assume that E (X 2 ) = E(F (^) 2 ) = 2v. Then 
X follows a centered Gamma law F(y) with v > if and only if (see [5]) 

II -D^llism ~ _ 2( ? i/ = almost surely. 
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' 2 (T q ) such that E (l q (fk) 2 ) 
Xk = Iqifk) converges in distribution, as k — ¥ oo, to a Gamma law, if and only if (see [5]) 



Fact 3: Let (fk)k>i be a sequence in L 2 (T q ) such that E (l q (fk) 2 ) — > 2i/. Then the sequence 



||I3X fc ||| a(r j-2 g X fc -2 9 i/ — ► 0inL 2 (O). 

V ' fc— 5- + 00 

Remark: In this particular paper, we will restrict ourselves to an underlying Hilbert space (to the 
Wiener process we will be working with in the upcoming sections) of the form ft = L 2 (T) for the sake of 
simplicity. However, all the results presented in the upcoming sections remain valid on a more general 
separable Hilbert space as the underlying space. 

3 (Asymptotic) Cramer theorem for multiple integrals 

In this section, we will prove Cramer's theorem for random variables living in fixed Wiener chaoses. 
More precisely, our context is as follows: we assume that X = I qi (/) and Y = I q2 (ft) and X, Y are 
independent. We also assume that E (X 2 ) = E (F(^i) 2 ) = 2v x and E (Y 2 ) = E (F(v%)) = 2v 2 - Here 
v, v\, V2 denotes three strictly positive numbers such that v\ + V2 — v. We assume that X + Y follows 
a Gamma law F{y) and we will prove that X ~ F(y{) and Y ~ F(v2). 

Let us first give the two following auxiliary lemmas that will be useful throughout the paper. 

Lemma 1 Let q\,q2 > 1 be integers, and let X — I qi (f) and Y — I q2 (h), where f £ L 2 (T qi ) and 
ft £ L 2 (T q2 ) are symmetric functions. Assume moreover that X andY are independent. Then, we have 
DXLDY, XLDY and YLDX. 

Proof: From Fact 1 in Section 2, / ®i ft = a.e on T qi+q2 ~ 2 and by extension / <8> r ft = a.e 
on T gi+g2 ~ 2r for every 1 < r < q\ A q2- We will now prove that for every Q,ip £ T, we also have 
/W 0! ftM = a.e on T^ 2 " 4 , /W ®j ft = a.e on T91+92-3 and / (g> 1 ftW = a.e. on T qi+q2 ~ 3 . 
Indeed, we have 

(j {6) ®i h^^j (t 1: .. .,i gi _ 2 ,si, . . .,s g2 -2) = I f(h, ...,t qi -2,u,6)h(st, ...,s q2 - 2 ,u,ip)du 



= 

as a particular case of / ®i ft = a.e.. By extension, we also have f^ e ' <S> r h^ — for 1 < r < 
(gi — 1) A (q 2 — 1)- Similarly, 

(E>1 ft) (ti,...,f gi _2,Sl,...,S g2 _i) = J f(ti,...,t qi -2,u,6)h(si,...,s q2 -i,u)du. 

= T (6) 

and clearly f^ (g) r ft = for 1 < r < (gi — 1) A 92- Given the symmetric roles played by / and ft, we 
also have / ®i ftW = and then / ® r fcM = for 1 < r < q 1 A (q 2 - 1). 

Let us now prove that DllDy. Since for every 6,ip£T, DgX = qi I qi (/W) and D^Y = q 2 I q2 -i(h^ } ), 
it suffices to show that the random variables I qi {f^ 6 ') and / g2 _i(ft^) are independent. To do this, we 
will use the criterium for the independence of multiple integrals given in [S]. We need to check that 
/W (81 ftW = a.e. on T qi+q2 - A and this follows from above. 

It remains to prove that XJ-DY and DX1SY . Given the symmetric roles played by X and Y, we will 
only prove that X±DY. That is equivalent to the independence of the random variables J gi _i(/W) 
and I q2 (h) for every £ T, which follows from [5] (see Fact 1 in Section 2) and ([5]). Thus, we have 
XLDY and DXLY. ■ 

Let us recall the following definition (see [7]). 

Definition 1 Two random variables X = X)n>o^™(/ n ) an d Y = Em>o' m (' im ) are ca ^ e d strongly 
independent if for every m,n>0, the random variables I n {fn) and I m (h m ) are independent. 
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We have the following lemma about strongly independent random variables. 

^>0 7 n(/n) and Y = J2 m >0 



Lemma 2 Let X = E„>o 7 »(/n) and Y = E ro >o J ™(M (fn e L 2 (T n ),h m € L 2 (T m ) symmetric for 



every n,m > 1) be two centered random variables in the space B 1 ' 2 . Then, if X and Y are strongly 
independent, we have 

(DX, -DL- X Y)^ (T) = (DY, -DL- X X) V 2 {T) = 0. 
Proof: We have, for every 9 E T, 

D e X = Yl nI n-i(fi 9) ) and - D 6 L~ 1 Y = £ I m -i(h%>). 

n>l m>l 

Therefore, we can write 

(DX^DL^Y)^^ = ^ n J I n - 1 {f n {t l ,...,t n - l ,e))I m - l {h m {t 1 ,...,t m - 1 ,e))dd 

(n-l)A(m-l) 



n,m>l 



The strong independence of X and Y gives us that /„ ' ® r h m = for every 1 < r < (n — 1) A (m — 1). 
Thus, we obtain 

{DX,-DL- X Y) LHT) ^ E n / I n +m -2(fi 6) ^h^)dd. 

n,m>l ^ 

Using a Fubini type result, we can write 

(DX-DL- x Y) h , (T) = ]T nl n+m - 2 (f fW®h$dff) 

n,m>l 

= nl n+m -2{f n ®ih m ). 

n,m>l 

Again, the strong independence of X and Y gives us that /„ <£>i h m — a.e and we finally obtain 
(DX, -DL- X Y) L * (T) = 0, and similarly (DY, -DL^X)^) = 0. ■ 

Let us first remark that that the Cramer theorem holds for random variables in the same Wiener chaos 
of fixed order. 

Proposition 1 Let X — I m (f) and Y — I m (h) with m > 2 fixed and f,h symmetric functions in 
L 2 (T m ). Then X + Y = I m (f + h). Fix v x ,v 2 ,v > such that v x + v 2 = v. Assume that X + Y 
follows the law F(v) and X is independent of Y . Also suppose that E (X 2 ) = E (F(yi) 2 ) = 2v x and 
E (Y 2 ) = E (F(v 2 ) 2 ) = 2v 2 . Then X ~ F (v x ) and Y ~ F(v 2 ). 

Proof: By a result in [5] (see Fact 2 in Section 2), X + Y follows the law F(v) is equivalent to 

\\DI m (f + h)\\ 2 L 2 (T) - 2ml m (f + h) - 2mv = a.s. . 

On the other hand 



E 



(\\DI m (f + h)\\ 2 LHT) - 2ml m {f + h) - 2m!/) 
= E ((||DJ m (/)|£ a(r) + \\DL m (h)\\ 2 L2(T) +2(DL m (f),DL m (h)) LHT) 

-2ml m (f) - 2ml m (h) - 2m(v x + v 2 )) 2 ^j 
= E ((\\DL m (f)\\ 2 L2(T) - 2ml m (f) - 2mvX\ +v((\\DL m (h)\\ 2 L2[T) - 2ml m (h) - 2mv 2 



+E 



(^{\\DI m (f)\\ 2 L 2 {T) - 2ml m (f) - 2mv^j {\\DI m (h)\\ 2 L2(T) - 2ml m (h) - 2mv 2 
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Above we used the fact that (DI m (f),DI m (h))i,2(T) = as a consequence of LemmaQ] It is also easy 
to remark that, from Lemma [T] 

E {[\\DI m {f)\\ 2 L2(T) - 2ml m (f) - 2rwi) (\\DI m (h)\\l HT) - 2ml m {h) - 2mi/ 2 )) 

= E (\\DI m {f)\\ 2 L2[T) - 2mJ m (/) - 2mi/i) E (\\DI m {h)\\ 2 L2{T) - 2ml m (h) - 2mv 2 ) = 0. 

We will obtain that 

E ({\\DI m (f)\\l 2(T) - 2ml m (f) - 2mv^ = E ({\\DI m {h)\\ 2 L2(T) - 2ml m {h) - 2m^ 2 )^ = 
and consequently X ~ F[yi) and Y ~ F(v 2 ). M 



Remark 1 Using Fact 3 in Section 2, an asymptotic variant of the above result can be stated. We will 
state it here because it is a particular case of Theorem^ proved later in our paper. 

Theorem 1.2 in [5] gives a characterization of (asymptotically) centered Gamma random variable which 
are given by a multiple Wiener-Ito integral. There is not such a characterization for random variable 
leaving in a finite or infinite sum of Wiener chaos; only an upper bound for the distance between the 
law of a random variable in D ' and the Gamma distribution has been proven in [6], Theorem 3.11. It 
turns out, that for the case of a sum of independent multiple integrals, it is possible to characterize the 
relation between its distribution and the Gamma distribution. We will prove this fact in the following 
theorem. 

Theorem 1 Fix V\, V2, v > such that v\ + i>2 = v and let F{y) be a real-valued random variable with 
characteristic function given by fip. Fix two even integers q\ > 2 and qi > 2. For any symmetric 
kernels f € L 2 ^ 1 ) and h 6 L 2 (T^-) such that 

ECU/) 2 ) =qil\\f\\ 2 L 2 iTql) =2 Vl and V (l q2 (h) 2 ) = q 2 \\\h\\ 2 L2(Tq2) = 2v 2l (7) 

and such that X = I qi (/) and Y — I q2 (h) are independent, define the random variable 

Z = X + Y = I qi (f)+I q2 (h). 

Under those conditions, the following two conditions are equivalent: 




— 0, where D is the Malliavin derivative operator and 



L is the infinitesimal generator of the Ornstein- Uhlenbeck semigroup; 
(ii) Z h = F(v); 

Proof: Proof of (ii) — > (i). Suppose that Z ~ F(v). We easily obtain that 

E (Z 3 ) = E (F{vf) = 8^ and E (Z 4 ) = E (F(i/) 4 ) = I2v 2 + 48za (8) 

Consequently, 

E (Z 4 ) - 12E (Z 3 ) = E (F(j/) 4 ) - 12E (F(j/) 3 ) = 12v 2 - 48za (9) 
Then we will use the fact that for every multiple integral I q (f) 

E (I q (f) 3 ) - g!(g/2)l (j^ (/, f® q/2 f) L2{Tq) . (10) 
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and 



E(/,(/) 4 



?! 11/11 



L 2 (T?) 



2 3 



q-l 



p=l 



9-1 
p-i 



2 / \ 2 
9 



(2g-2p)!||/® p /|| i . (11) 



We will now compute E (Z 3 ) , E (Z 4 ) and E (Z 4 ) - 12E (Z 3 ) by using the above two relations (JTOJ) 
and <HU>. We have Z 2 = (I qi (/) + J, 2 (ft)) 2 = J to ( f ) 2 + I q2 (ft) 2 + 2J 9l (/) J ft (ft) and thus, by using the 
independence between I qi (f) and I q3 (h), 

E(Z 3 ) = E(/ gi (/) 3 )+E(l ?2 (ft) 3 ). 

Using relation (fTUf , we can write 



E 



(Z 3 ) =?il(9i/2)!( g ^ 2 ) (/,/® gi/2 /> L2(rw) + ?2!fe/2)!^ 2 ) (h,h® q2/2 h) L2(Tg3) 



(12) 



For E (Z 4 ) , we combine relations (0 and (JTTJ) with the independence between I qi (/) and I 92 (ft) to 
obtain 



E ( Z 



E (Z 2 Z 2 ) = E (7 91 (/) 4 ) + E (J ?2 (ft) 4 ) + 6E (J gi (/)% (ft) 2 



9i! 11/11 



L 2 (T"i) 



91-1 



'7i 



92!||ft|| 



-24^i v%. 



p=l 

92 — 1 



9i 



92 



£<fe 2 (p-i)i 



P =i 



92-1 

p-1 



2 / \ 2 
92 



p!(~] (2<z 2 -2p)!||ft® p ft| 



L 2 (T 2 (i2~p1) 



Using the fact that q\\ ||/|| L 2( T qx) = 1v\ and ||ft|' 2 



L 2 (T"2) 



= 2i>2, we can write 



E(Z 4 ) - 12E (Z 



3\ 



12j/ 2 + Ylv\ - 48^i - 48i/2 + 24^ 2 



91-1 



91 ^ 



p=l,P7%l/2 
92-1 



91-1 



9i 



lj P! VpJ ( 2,?1 - 2 ^ ! I|/®p/|Il2(t2< 51 - P )) 



92 



p=l,P7%/2 
2 



E 9 2 2 (P- l)!^ 2 _ 1 1 ]" P !^ 2 ]"(2 (?2 - 2p)! ||ft® P ft|| 2 2(T2(52 _ p)) 



-24ft! ||/ir L2(T51) + 3gi(gi/2 - 1)! _^ 



(9i/2) 



(j/2) 5i!||/® gi /2/||' 2(T91) 



+24g 2 !||ft||^ (T92) +3g 2 (< 72 /2-l)!^ 



/" 92 — 1 

92/2 - 1 



/ 92 \ 1 1 — 1 1 9 

(<?2/2) V92/2/ 921 lr®»/ afe lli 3 (r") 



-12 9 i!(gi/2)! 



9i 
9i/2 



</, M1/2/) 



L 2 (T<Ji) 



-12 92 !(92/2)!^J 2 2 ) (ft,ft0 92/2 ft) 



L 2 (T-!2) 



(13) 



Recall that z/ = 1/1 + f 2 and note that Ylv\ + \2v 2 - 48^i - 48^ 2 + 2Av x v 2 = 12^ 2 - 48ja Also note that 

2 / N 2 



249i! 11/11 L 2 (T<Ji) 

+ 3 9l ( 9l /2-l) 



( 9i-l 
U/2 - 1 



(9i/2)! 



9i 
9i/2 



9i! ||/® 9l / 2 /|| i2(T91) 



-12 ?1 !( 9l /2) 
3 (91 !) 5 



(91/2 



(/, f® gi /if) 



L 2 (T"i) 



2 ((9i/2)0 



6 H/^91/2/ C 9i/||l 2 (T9i) 
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where c„, is defined by c„, — f 1 r-rr = %—„ — rr and a similar relation holds for the function 

91 y ^ (9i/2)!(,r/2"-i) (9i/2)!(,r/2) 

/i with <72 , c„, instead of q\ , c , respectively, where c 09 = 7^ r-r^ = ^ — • 

E (Z 4 ) - 12E (Z 3 ) = Ylv 2 - 48^ 

o / 1N 2 / ' 



p=i,p#gi/2 



E ^(P-I)!r_ 1 J pirj (2g 1 -2p)!||/® p /||^ (T2(w _ p)) 



3 (gi!) 



II ~ 1 1 2 

7e ||/®gi/2/ _ C ^i/||l 2 (T^i) 



((9i/2)!) C 

92-1 / _ i \ 2 / \ 2 

E 5 2 2 (P-I)!r 2 _ 1 Pir 2 (2 g2 -2p)!||to p / l || 2 L2(T2te _ p)) 



P=1,P#W 2 



i2 



"2 (J/2)!) 6 II^W^-^L^) 



From (ii), it follows that 



~ E ^(P-l)!(^ 1 1 )^(; i ) 2 (2 gi -2p)!||/i p /||^ 2(T2( , 1 _ p)) 

p=l,p#qi/2 

3 (gi!) 5 



|/® 9l /2/ - C 9l/|| L 2 (T , 1) 



2 (Gzi/2)!) £ 

92-1 / _ i \ 2 / \ 2 

E ^-^(p-i) v \l) ^-^y-\\^ P h\\ 2 L2{T2lq2 - P}) 



P=1,Pt 4 92/2 

+ f ((l g /2)!) 6 "^ 92/2/l " W«) = °' 
which leads to the conclusion as all the summands are positive, that is 

||/®gi/2/ ~ C 9i/|L2 (T81) = \\h® q2 / 2 h - c g2 fc|| i2 (T , 2 ) = and 

||/®p/|| £ 2( T 2(<j 1 -p)- ) = ||' l ®I-^|| i 2( T 2(g 2 -p)- ) =0 (14) 

for every p — 1, q± — 1 such that p ^ qi/2 and for every r = 1, 92 — 1 such that r ^ <? 2 /2; This 
implies 

||/S gi / 2 / - c qj\\ L 2 {Tqi) = \\h® q2 / 2 h- c q2 h || L2(T92) = and 

11/ ®P /|| i 2( T 2(, 1 -p)) = ||/l <8>r ft-|| J,3(y2(?2-P)) — (15) 

for every p = 1, q\ — 1 such that p ^ <?i/2 and for every r = 1, q% — 1 such that r 7^ 92 /2 (see [5], 
Theorem 1.2.). 

We will compute E Ulv + 2Z - G z f) ■ Let us start with G z . 



G z = (DZ^DL- 1 Z) L2(T) = (DI qi (f) + DI q2 {h),-DL-H qi tf) - DL- l I q2 {h)) L2{T) 
= (^/ 0l (/),-^i- 1 / 0l (/)) i2(T) + (^ 02 W,-^i- 1 / 02 (/i)) L2(T) 
+ (DI qi (/), -DL- l I q2 (h)) L2[T) + (DI q2 (h), -DL- l I qi (f)) L2(T) . 

From Lemma [3 it follows that (%(/),-DL-%(/i)) i2(r) = (DI q2 (h), —DL~ 1 I qi (f )') L2 ^ T ^ = 0. 
Thus, 

G z = qf 1 \\DI qi U)f L2{T) +q 2 l \\DI q2 (h)f L2(T) . 
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It follows that 

e((2^ + 2Z-G z 

= E ((2*1 +2^ 2 + 2/ gi (/) +2I q2 (h) -gr 1 \\DI qi (f)f L2(T) -q^ \\DI q2 (h)f L2{T) ) 
= E ((gf 1 \\DI qi (f)f L2(T) - 2I qi (f) - 2^ 
+E ((& 1 \\DI q2 (h)\\ 2 L2{T) - 2I q2 (h) - 2^ 2 ) 2 ) 

+2E ((gr 1 ll^ gi (/)lli 2(T) ~ 2J gi (/) - 2i*) 1 \\DI q2 (h)\\ 2 L2{T) - 2I q2 (h) - 2v 2 
We use Lemma [T] to write 

E ((V ||£>M/)II^(t) - 2/ 9l (/) - 2i*) (fc 1 ||£>J, 2 (Mil l* ( t) - 2I ft (ft) - 2^ 2 



= 0. 



Thus, 

E ((21/ + 2Z - G z f) = q^E ((ll^COH^T) - 2qil qi (f) - 2qi"i * 

+q 2 1 V {(\\DI q2 {h)\\ 2 L2(T) - 2q 2 I q2 (h) - 2q 2 v 2j 

Relation (|15[) and the calculations contained in [5] imply that the above two summands vanish. 
It finally follows from this that 

([2v + 2Z -G z f) =0. 



E 



Proof of (i) —> (ii). Suppose that (ii) holds. We have proven that 



e((2^ + 2Z-G z ) 2 ) = 0^ 



E 



[\\DI qi (f)\\l HT] -2q 1 I qi (f)-2q 1 v i y 



El l\\DI q2 (h)\\l 2(T) -2q 2 I q2 (h)-2q 2 v 2 y ! =0. 



From Theorem 1.2 in [5] it follows that I qi (f) ~ -F(^i) and I q2 (h) ~ F(i/ 2 )- and I 92 (/i) being 

independent, we use the convolution property of Gamma random variables to state that Z — I qi (/) + 
I q2 (h) ~F( Vl + v 2 ) ~F{v). ' m 

Remark 2 The proof of the above theorem shows that the affirmations (i) and (ii) are equivalent with 
relations |3p, (0|) 7 \1J$ and \15\) . 

Following exactly the lines of the proof of Theorem [1] it is possible to characterize random variables 
given by a sum of independent multiple integrals that converges in law to a Gamma distribution. 

Theorem 2 Fix v\,v 2 ,v > such that v\ + v 2 = v and let F(v) be a real-valued random variable 
with characteristic function given by (Qp. Fix two even integers qi > 2 and q 2 > 2. For any sequence 
(fk)k>i C L 2 (T qi ) and (h k ) k >\ C L 2 {T q2 ) (fk and hk are symmetric for every k>l) such that 

E (I qi (fk) 2 ) = qi\ \\fk\\\ HTqi) — > 2v x and E (l q2 (h k ) 2 ) = q 2 \ \\h k \\ L2(Tq2) — > 2v 2 , 

and such that — I qi (fk) and — I q2 (hk) are independent for any k > 1, define the random variable 

Z k = X k + Y k = I qi (f k ) + I q2 (h k ) Vfc > 1. 
Under those conditions, the following two conditions are equivalent: 
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(i) E ((2p + 2Z k - (DZ k) -DL-iZk)^^] fc — ^ 0; 



(ii) Z k ^ F(u); 

fc— >+oo 

Cramer's theorem for Gamma random variables in the setting of multiple stochastic integrals is a 
corollary of Theorem [T] We have the following : 

Theorem 3 Let Z = X + Y = I qi (f) + I q2 (h), q x ,q 2 > 2, f G L 2 (T qi ),h G L 2 (T« 2 ) symmetric, be 
such that X, Y are independent and 

E(Z 2 ) =2^,E(X 2 ) = qi \\\f\\l HTn) =2^ 1; E(y 2 ) =«j!||/i||i a(TB) =2^ 2 

im'f/i ^ = + v%. Furthermore, let's assume that Z ~ F{v). Then, 

X~F(v x ) and Y ~ F{v 2 ). 

Proof: Theorem [T] states that Z - <^ E {(2v + 2Z - G z ) 2 ) = and we proved that 

E ((2v + 2Z - G z ) 2 ) = E ((2ux + 2X- G x f) + E ([2v 2 +2Y- G Y f) • 

Both summands being positive, it follows that E ((2^1 + 2X - G X ) \ = and E ([2v 2 + 2Y - Gy) 2 ) = 
0. Applying theorem [1] to X and Y separately gives us E (j2vi + 2X — Gx) 2 ^j X ~ F(vi) and 
E((2^ 2 + 2Y~ -G y ) 2 ) <^y~ F(iaj). ■ 

It is immediate to give an asymptotic version of Theorem [3J 

Theorem 4 lef Z fc = X k + Y k = I qi {f k ) + I q . 2 (h k ), f k £ L 2 (T^),h k e L 2 (T^) symmetric for k > 1, 
9ii 92 > 2, 6e swc/i i/iai X k , Y k are independent for every k > 1 and 

E ^ 2 ) ^^^E^) = gi !||/f i2(T91) ^2,,E(1?) =« 2 !||^ (T92) ^2,2 
with v = v\ + v 2 . Furthermore, let's assume that Z k — > F{ v ) * n distribution. Then, 

fc— >+oo 

X k — > F(n) and F fc — > F(i/ 2 ). 

fc— > + oo fc— > + oo 

Remark 3 i) From Corollary 4-4- ^ n W$ it follows that actually there are no Gamma distributed ran- 
dom variables in a chaos of order bigger or equal than 4- (We actually conjecture that a Gamma 
distributed random variable given by a multiple integral can only live in the second Wiener chaos). In 
this sense Theorem [3] contains a limited number of examples. By contrary, the asymptotic Cramer 
theorem (Theorem^) is more interesting and more general since there exists a large class of variables 
which are asymptotically Gamma distributed. 

ii) Theorem^ cannot be applied directly to random variables with law T(a, A) (as defined in the Intro- 
duction) because such random variables are not centered and then they cannot live in a finite Wiener 
chaos. But, it is not difficult to understand that if X — I qi +c is a random variable which is independent 
ofY = I q . 2 +d ( and assume that the first two moments of X and Y are the same as the moment of the 
corresponding Gamma distributions), and if X + Y ~ T(a + b, A) then X has the distribution T(a, A) 
and Y has the distribution T(b, A). 

Hi) Several results of the paper (Lemmas 1 and 2) holds for strongly independent random variables. 
Nevertheless, the key results (Theorems]]] and& that allows to prove Cramer's theorem and its asymp- 
totic variant are not true for strongly independent random variables (actually the implication ii) — > i) 
in these results, whose proof is based on the differential equation satisfied by the characteristic function 
of the Gamma distribution, does not work. 
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4 Counterexample in the general case 



We will see in this section that Theorem |3] does not hold for random variables which have a chaos 
decomposition into an infinite sum of multiple stochastic integrals. We construct a counterexample in 
this sense. What is more interesting is that the random variables defined in the below example are not 
only independent, they are strongly independent (see the definition above). 

Example 1 Let e(A) denote the exponential distribution with parameter A and let b(p) denote the 
Bernoulli distribution with parameter p. Let X — A — 1 and Y = 2wB — 1, where A ~ e(l), B ~ e(l), 
w ~ 6(i) and A, B and w are mutually independent. This implies that X and Y are independent. We 
have B(X) = E(Y) = as well as E(A 2 ) = 1 and E(F 2 ) = 3. Consider also Z = X + Y. Observe that 
X ,Y and Z match every condition of theorem^ but X and Y are not multiple stochastic integrals in a 
fixed Wiener chaos (see the next proposition for more details). We have the following : Z ~ F(2), but 
Y is not Gamma distributed. 

Proof: We know that 

E (e ltx ) = E (V*^- 1 )) = e- lt E (e ltA ) = ^ 



and that 



it 



E (e ltY ) = E ( e «(**s-i) ) = e -a E ^t2^ = e -it ( 1 E ^t2B^ + 1 



e~ lt 



1 1 1\ I -it 



2 1 - 2it 2 1 \-2it 



Observe at this point that the characteristic function of Y proves that Y is not Gamma distributed. 
Let us compute the characteristic function of Z. We have 

—it i •+ —2it 

E (e itz ) = E (e lt(x+Y A = E (e ltx ) E (e ttY ) = e~ u ±^- = E (e UF ^) . 

v ' V J v > v ' 1 - it 1 - 2it 1 - 2it \ J 



Remark 4 It is also possible to construct a similar example for the laws T(a, A), T(b, A) instead of 
F{ Vl ),F{v 2 ). 

The following proposition shows that this counterexample accounts for independent random variables 
but also for strongly independent random variables. 

Proposition 2 X and Y as defined in Example^]] are strongly independent. 

Proof: In order to prove that X and Y are strongly independent, we need to compute their 
Wiener chaos expansions in order to emphasize the fact that all the components of these Wiener 
Chaos expansions are mutually independent. Consider a standard Brownian motion B indexed on 
L 2 (T) = L 2 ((0,T)). Consider hi,...,h 5 € L 2 (T) such that ||/i 4 || L2(T) = 1 for every 1 < i < 5 and 
such that W(hi) and W(hj) are independent for every 1 < i,j < 5,i / j. First notice that the 
random variables A = | (WQix) 2 + W(h 2 ) 2 ) and B = \ (W(h 4 ) 2 + W(h 5 ) 2 ) are independent (this is 
obvious) and have the exponential distribution with parameter 1. Also, note that the random variable 
m = isign(W / (/i3)) + \ nas the Bernoulli distribution and is independent from A and B. As in Example 
[TJ set X = A — 1 and Y = 2m B — 1. X and Y are as defined in Example [T] Let us now compute their 
Wiener chaos decompositions. We have 

A = \(W(h 1 ) 2 + W(h 2 ) 2 ) = l(l 1 (h 1 ) 2 +I 1 (h 2 ) 2 ) = ^(2 + I 2 (hf 2 ) + I 2 (hf 2 )), 
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and similarly B = \ (2 + I 2 (hf 2 ) + h{hf 2 )) . Therefore, we have 

'hf 2 + hf 2 ' 



X = I 2 

From [2], Lemma 3, we know that 



'1 I" "2 

2 



sign(W(ft 3 )) ^Wi%i(ftf 2H1) ). 

fc>0 

where b 2k+1 = {2k +[^ mk ■ It follows that w = \ + § £ fe > b2k+ihk+i{h® {2k+1) ) , and 

fe>0 

J/ 2 «) + 2 ) + E w w*f (2fe+1) ) + J E w w*f (aw - x) wf*) 



2 v * ' 2 v o ' ^ " " v ' 2 

fc>0 fc>0 



fc>0 

Using the multiplication formula for multiple stochastic integrals, we obtain 

y = i/ 2 (/,f) + i/ 2 (^ 2 ) + Eww(^ (2fe+1) ) 

fe>0 

(2fe+l)A2 . . 

-Jew E riQr +1 ^(r^C 



2 ^— ' ^— ' \r/ V r 

fe>0 r=0 

(2fc+l)A2 



Jew e Hp)( 2fc r +i )w 2r (^ (2fc+i) ^^^ 

fe>0 r=0 



At this point, it is clear that X and Y are strongly independent. M 
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